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Overview

* Review last lecture
— Background for matrix multiplication

— General rule and examples of matrix
multiplication

+ Definition, computation and use of
determinants

+ Use of determinants in computing
matrix inverses

« Example problems

Review last lecture

* Vector has a Xz
magnitude and ;
a direction
— Can represent fi
by components 8 fa X

« f-dx = |f||dx|cos(6)

e f=flit+f,j+fkorf=I[f, f, fj]

* Unitvectorsi=[1 0 0],j=[0 1 0], k=
[0 0 1]inx, Yy, zdirections

* Dot product: f-dx = f,dx, + f,dx, + f;dxs

Californin State [ niversity
Northridge

Review Matrix Basics

&y @, By o Qn | o Array of

8y 8p By oo m numbers with
A= a?l a?z a.as """ a%m nrows and m

oo columns

. + Components

Bu Gz By oo Bom are a(row)(column)

+ Size of matrix (n x m) is number of rows
and columns

* Square matrix: m = n

Northridge

Review Diagonal Matrix

a 0 0 - - 0| « The diagonal matrix
0 a 0 - - 0 A is a square
0 0 a - - 0 matrix with nonzero
oo : components only
SR i on the principal
00 0 . . a2 diagonal

* Components of A are 1 i=]j
a;5;, where §; is the O = o
Kroenecker delta 0 i=#]

Californin State [ niversity
Northridge

ME 501A — Seminar in Engineering Analysis

Review Matrix Operations

» Can add or subtract matrices if they are
the same size
—C=AxBonlyvalidif A, B, and C have
the same size (rows and columns)
— Components of C, ¢; = a; + b
* Multiplication by a scalar: C = xA

— C and A have the same size (rows and
columns)

— Components of C = XA, ¢; = xa

Calrforrsi Sate University
Northridge
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Review Null (0)/Unit (1) Matrices

=Al=Aand0A=A0=0

matrix; the null matrix need not be

square
00 0 - - 0 100 - - 0
000 - - 0 010 - -0
000 0 001 - - 0

0= : H H . : I= H : . H
00 0 v - 0 00 0 - - 1

Cabiforni State Unhersity

Northridge

e Forany matrix, A, A+0=0+A=A; IA

» The unit (or identity) matrix is a square

Unit and Null Matrix sizes
+ Given that A is an (n x m) matrix
* ThelinlA=Ais(nxn)
* Thelin Al=Ais (mxm)
* TheOinO+A=AorA+0=Ais(nxm)
* The 0in AO is (m x arbitrary size)
— The product A0 is also a zero matrix
whose size is (n x null matrix columns)
* The 0 in OA is (arbitrary size x n)
— The product OA is also a zero matrix
e Whose size is (null matrix rows x m)
Northridge

Review Matrix Transpose

_bijzaji
—IfAis (nxm), B =ATis (m by n)

3 14
3 12 -6 .
A= AT=12 -2
14 -2 0
-6 0

Cabiforni State Unhersity
Nnrthlridge

« Transpose of A denoted as AT (or A’)
 Reverse rows and columns; for B = AT

Review Row/Column Vectors

* Matrices with only one row or only one
column are called row or column vectors
(or matrices)
r= [rn fp hg 0 oo i

= oo I

+ Single subscript is usual
notation, but implied “1”
for single row or column
is important for two-subscript formulas

Calbiforni State University
Nnrthlridge

Review Multiplying Matrices

» For matrix multiplication, C = AB
— B has p rows and m columns

* For C = AB, we get ¢; by adding prod-
terms in column j of B (right matrix)

* Cj = @by + aphy + abg + agby + ...

* In general, AB # BA

multiply” by matrix on right
Northridge

— A has n rows and p columns S
Cj = Zaikbkj
k=1

— C has n rows and m columns (i=1n;j=1m)

ucts of terms in row i of A (left matrix) by

+ “Premultiply” by matrix on left and “post-

Matrix Multiplication Example

» For matrix multiplication, C = AB
— A has n rows and p columns <
—Bhas p rows and m columns 0 ;a‘kb"j
— C has n rows and m columns (i=1n;j=1m)

+ Example 3 4
{3 0 —6}
A= B=|1 2
4 -2 0
6 1
3(3)+0(1)-6(6) 3(4)+0(2)-6(1)] [-27 6
43)-2(1)+0(6) 4(4)-2(2)+0@Q)| | 10 12

» Can we find BA? Whatis its size? 3x3

AB =

Cal .’:|--_|N:|I|-I‘:||nr\'.- 12
Northridge
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Matrix Multiplication Exercise

» Consider the following matrices

1 2 3 02 -20
A=|0 -1 4 B=[1 3 1 0
110 2 1 -3 1

» Can you find AB, BA, neither or both?

* We can find AB, because A has three
columns and B has three rows

* We cannot find BA because B has four
columns and A has three rows

il .’:r;lﬁ:lll-l‘:unw'_-
Northridge

Matrix Multiplication Exercise |l
* What is the size of C = AB?

12 3] o2 -2 0

A=0 -1 4 B=4{113 1 0
1

110 201 -3 1

» C = AB has three rows (like A) and four
columns (like B)

* Whatis ¢4,?
* ¢y = (1)(0) + (2)(1) + 3)(2) =

ak .’:r;lﬁ:lll-l‘:unw'_-
Northridge

Matrix Multiplication Exercise Il

* Find ¢44, €45, C43, @nd ¢, in C = AB

J1_2_3h f0172, 221
A=10 -1 4 B= 1{;3;:1’,‘0'
1 1 0 12,‘1;:| 3 1,,

0) +(2)(1) + (3)(2) =
2)+(2)(3) + (3)(1) =
-2) + (2)(1) + (3)(-3)
+(2)(0) + (3)(1) =

~

*Cy =
*Cpp=

o N

8
11
L] C13: =
3

0

~

*Ciy=

il .’:r;lﬁ:lll-l‘:unw'_-
Northridge

Matrix Multiplication Exercise |V
* Find c,, Cyp, Cy3, @and cy, in C = AB

12 3 '0\.2\ —2,; '
A=]0 -1 4T, B_. 1:,'3;.1:,'0,'
1 1 0 12“1,«;( jl‘l':

* G = (0)O) + (1)) + (4)(2) =7
* G =(0)(2) + (-1)3) + (4)(1) =1
* Cp3 = (0)(-2) + (-1)(1) + (4)(-3) = -13
* Cp = (0)(0) + (-1)(0) + (4)(1) = 4

ak .’:r;lﬁ:lll-l‘:unw'_-
Northridge

Matrix Multiplication Exercise V

» Find ¢34, C3p, C33, @and c5, in C = AB

12 3 10172, 2210,

[N , ’l

A=0 -1 4 B=i1.3 11! ,0
AT T || T L |
Q1103 1211 -3 1

_______

il .’:r;lﬁ:lll-l‘:unw'_-
Northridge

Matrix Multiplication Exercise VI
+ Solution for matrix product C = AB

1 2 3 02 -2 0
=10 -1 4 B=|13 1 0
110 21 -3 1
8 11 -9 3
C=[7 1 -13 4
15 -1 0
Northridge 1
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Coordinate transformations

» Recall previous equations

Y1 =8 X +apX, 7, = b11y1 + b12 Y2
Yy =8y X +axX, Z,= b21y1 + bzz Y2
* Define matrices so thaty = Ax and z = By

A =|:all a12:| B =|:bll bl2j|
Ay ay by by

<[l L

Cabiforni State Unhersity
Nnrlhlritlge
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Coordinate transformations |l

« Show that matrix definitions give
transformation results
Yi =83 % + 855X

z,=b,y, +b,Y,
Z, =D,y +byY,

y a, a, | x X, +a,,X
y:{ L axo| B B2 | X|_f 3kt ank
Yo Ay Axn X A% T 3%,

Z=[Zl}=By=[bu blz}|:y1}=|:bu)/1+b12y2}
i Z, Dy by | Y, by Y1 + by Y,

20

Yo =y X +axX,

Coordinate Transformations IlI

* From matrix equations y = Ax and z =
By, we have z = BAx = Cx with C = BA

A{aﬂ au} {bl bn} C{ }

aZl a22 bZl b22 C21 CZZ

C — |:C11 ClZ:| — |:b11a11 + b12a21 blla12 + b12a22:|
021 C22 b21a11 + b22a21 bZlale + b22a22

Z X Xy + X
Z:{ l}:CX:{CH C12:||: 1}:[(311 11 CpoX,
Z; Gy Cp|[ X5 CorX +CXy
21

Cabiforni State Unhersity
Nnrthlridge

|

Determinants

* Looks like a matrix but isn’t a matrix

» A square array of numbers with a rule
for computing a single value for the
array

Egﬁ{ns %Igvsst ’azl I~ @12\ ‘aia‘ én, aiz ,’553
calculation of Det‘azl\ @2? \azi = |3y /azzr 353
Det(A), the &y, \aazl Ay aal, Ay a33

determinant of —auazzaaa_"“azlaazaia \3313_12_353,
3x3matrix A T _ -

__________

22

Calbiforni State University
Nnrthlridge

General Determinant

The value of an n by n determinant is
found by taking a sum of n! terms
« Each term in the sum has
—a product of n determinant elements, a;
— an element from each row and an element
from each column: a,4a;,8,385. .-

* Subscripts apys... are a permutation of 1234...
Terms are positive or negative if the
subscript permutation is even or odd

. Practlcal calculation formulas follow
Nl)l‘thl‘l(lg(

23
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More Determinants

 Useful in obtaining algebraic
expressions for matrix operations, but
not useful for numerical computation

‘ar & A
Det A= Det[ NG l BLag
™ \352 )

a3 ~8ady

* An n x n determinant has n2 Minors, M,J,
obtained by deleting row i and column j

+ Cofactors, C; = (-1)"IM; used in general
expressmns for determlnants

Nl)l‘thl‘l(lg(

24
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General Rule for Determinants

* Any size determinant can be evaluated
by any of the following equations

DetA = zn:(—l)'”a,jMIJ :Zn:(—l)'”al,jMIJ = Zn:a,jclj :zn:a,jcu
i=1 j=1 i=1 j=1

+ Can pick any row or any column

* Choose row or column with most zeros to
simplify calculations

» Can apply equation recursively; evaluate a 5
x 5 determinant as a sum of 4 x 4 deter-
minants then get 4 x 4’s in terms of 3 x 3's
Northridge %
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Determinant Behavior

» Adeterminant is zero if any row or any
column contains all zeros.

+ If one row or one column of a
determinant is multiplied by a constant,
k, the value of the determinant is
multiplied by the same constant.

— Note the implication for matrices: if a matrix
is multiplied by a constant, k, then each
matrix element is multiplied by k. If A is an
n x n matrix, Det(kA) = k"Det(A).

Calrforrsi Sate Unfversity 2
Northridge

Determinant Behavior I

+ If one row (or one column) of a
determinant is replaced by a linear
combination of that row (or column) with
another row (or column), the value of
the determinant is not changed.

* If two rows (or two columns) of a
determinant are linearly dependent the
value of the determinant is zero.

Californin State [ niversity 27
Northridge

Determinant Behavior Ill

» The determinant of the product of two
matrices, A and B is the product of the
determinants of the individual matrices:
Det(AB) = Det(A) Det(B).

» The determinant of transposed matrix is
the same as the determinant of the
original matrix: Det(AT) = Det(A).

Calrforrsi Sate University 28
Northridge

Example of General Rule

* Get determinant of a 3 x 3 matrix by
expansion along last row

8 B, 8y
By By 8| =85Cy +a5,Cy +a,Csy
8y 8y Ay
(:33 — (71)3*»3 M e a11 alz CZZ — (71)2*»2 M n= a'll a'l3
21 a22 a31 a33
C32 — (71 3+2 ’vl32 —_ all a13 (:31 — (71)3+1M31 — alZ a13
21 a23 a22 a23

Cabiforrsin State Lnfersity
Northridge

Example of General Rule Il

ME 501A — Seminar in Engineering Analysis

» Get determinant of a 3 x 3 matrix
ayMy —a;, My, +a,Mg; =
&, B3 TR & A,
8y 8y Ay 8y 21 G
= a3, (84,855 — 8p8;5) — Ay (8,85
— 8y 83) + 833(33;8 — &1,8,)
= 838,83 — 83,8,,8;3 — 838,83
T 8558y 83 + 338,87 — 8338,8y

Califormia State University
Northridge

ag - =

32 + a33

30
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Inverse of a Matrix

» For a square matrix, A, an inverse matrix,
A" may exist such that AA' = A1A = |

* For the algebraic equation ax = b, x = a''b

« For the matrix equation Ax = b, x = A-'b

e Justasx=a'bisnotvalidifa=0,x =
A-b is not valid if A-' does not exist
— A" does not exist if DetA = 0

* The inverse is an important concept in
analysis of linear systems, but is not used
in computational work

Californin State [niversity 31
Northridge
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Formula for Inverse of a Matrix

* Find the components of B = A, by, from
determinant of A and its cofactors
M;
Det(A)

C.
IfB=A", b =—1
Det(A)

» Use to get algebraic equations for
components of inverse matrix

» Matrix computations, if necessary, obtain
components by alternative numerical
algorithms — more next two weeks

N

Calrforrsi Sate Unfversity 32
Northridge

Inverse of 2 x 2 Matrix

Inverse of 3 x 3 Matrix
Apply B=A",

b _ ( l)i—j ﬁin
o Det(A)

(8835 — 838)  (Apdys —aydy,) (31,855 — Aya,5)
(a31a23 - a33a21) (a11a33 - a31a13) ('5721'5713 - 311323)
(383 —8ydy) (338, —3,83,)  (@udy _\{212’112)
( 8118p,833 + 85,8383 + 838,85, J
— 883855 — 8y 8,8g; — B85 ) 1) M,

Calrforrsi Sate University
Northridge

34

-1 C ji i+ M ji
IfB=A", = = (-1 —L
' Det(A) Det(A)
e My 3y e My Ay,
by = (1) Det(A) Det(A) b = (-1 Det(A)  Det(A)
b, = (_1)2+1 My, —_ Ay by, = (_1)2+2 My, — 8y
Det(A) Det(A) Det(A) Det(A)
A= |:a11 a12:| Afl — 1 |: ay - a12:|
y Ay A8, —8yap, | —8y 8y
ﬁfa'?ﬁi"#'i?i"gié %
Example Problem
« Find A" for A at right 10 2 1
* Have the following 2100
formula for B = A" A=
i 1 000
DMy Gy
= = 0 2 31

"" Det(A) Det(A)

* General determinant formula: £a;C;

+ Take sum over third row to simplify
..Calculation of Det A

-
Northridge
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Example Problem Det A

* Det A = (-1)3*1agMy; +  (-1)2a5,M5,+
(-1)3*3az3Ms5 + (-1)%*4a3,M,,

T 0 2
021 Azlz:‘_{_p__o
DetA=(-D*'®1 0 0+0+0+0 [+,2-0.0
) 31 /2 3 1

021

Al o J=OOO+OEAO+DRO)

2 3 1 - (20D - OO -0)3)(0)
evihidge .
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Example Problem Il Example Problem Solution
* Apply: bij=(-1)‘+iMji/D.e.tA 2o 2/ 10 21 0 0 1 0
* Det A = 1s0 b = (-1)"M; 2\—1__6".:@; Az 1 00 A0 1 -20
— Examples b,,, b,; shown below A=|-¢===<~- 1000 -1 -2 5 1
1..0_0 O
0 2 1 A 0231 3 4 -11 -2
b= ()" Mpu=—10 0 0=0 relole pomy
2 —\™ 21 — - emove 1 - _ —
3 1 for M, m‘;:e + We can show that AA-" = A“'A = |
* (AA1);; =10+ 0-0 + 2:(-1) + 1-3 =1
e L0 2 iso * (AA);s =32+ 4:0+ (-11)0+ (-2)2=0
= () M34“(2) ; 2‘_0_0_0)“11 + Only 14 left to check
Rortheidge 7 Rorthidge &

Excel MINVERSE Function
. 5 Select area for inverse and type
Original Matrix MINVERSE formula in formula bar
A B C D
i 1 0 2 1 Z MINVERSE(A1.04)
2 2 1 0 0
F G H 1
3 1 0 0 0 o)
4 0 2 31
Wl T Press Control+ Shift+Enter
F 6 Lu 11 MINVERSE Result (formula view)
Y i e 1-$1 :
IR - 1
3 4 1 2
il .’:r_;lﬁ:lll-l‘:ul‘w'.- 39
Northridge
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